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It is shown that the Stelle-West Grignani-Nardelli- 
formalism allows, both when odd dimensions and when even 
dimensions are considered, constructing actions for higher di- 
mensional gravity invariant under local Lorentz rotations and 
under local Poincare translations. It is also proved that such 
actions have the same coefficients as those obtained by Tron- 
coso and Zanelli in ref. [Hi. 



I. INTRODUCTION 

The most general action for the metric satisfying the 
criteria of general covariance and second-order field equa- 
tions for d > 4 is a polynomial of degree [d/2] in the 
curvature known as the Lanczos-Lovelock gravity theory 
(LL) Theiila grangian in a <i-dimensional Rie- 

mannian manifold can be defined as a linear combination 
of the dimensional continuation of all the Euler classes of 
dimension 2p < d [[§, B: 



•J n 



where a p are arbitrary constants and 



Lp — s ai0 



■■■■R a 



(1) 



(2) 



with R ab = duj ab + uj°:uj cb 



The expression (|l]) can be used 
both for even and for odd dimensions. 

The large number of dimensionful constants in the LL 
theory a p , p = 0, 1, • • ■, [d/2] , which are not fixed from 
first principles, contrast with the two constants of the 
Einstein-Hubert action. 

In ref. la] it was found that these parameters can 
be fixed in terms of the gravitational and the cosmo- 
logical constants, and that the action in odd dimen- 
sions can be formulated as a gauge theory of the AdS 
group, and in a particular case, as a gauge theory of 
the Poincare group. This means that the action is in- 
variant not only under standard local Lorentz rotations 



Se a = K%e b ; Suj ab = -Dn ab , but also under local AdS 
boost Se a = Dp a ; Suj ab = j I {p a e b - p b e a ), where I is a 
length parameter. They also show that this situation is 
not possible in even dimensions where the action is in- 
variant only under local Lorentz rotations in the same 
way as is the Einstein-Hilbert action. 

On the other hand, in ref. j(| it was found that, in four 
dimensions, gravity can be formulated as a gauge theory 
of the Poincare group. In this reference was considered 
the Poincare gauge theory as closely as possible to any 
ordinary non-Abelian gauge theory. 

The basic idea of this formulation is founded on the 
mathematical definition P] of the vierbein V a . This 
vierbein, also called solder form Q was considered as 
a smooth map between the tangent space to the space- 
time manifold M at a point P with coordinates a; M , and 
the tangent space to the internal AdS space at the point 
whose ^4^5 coordinates are £ a (a;), as the point P ranges 
over the whole manifold M. The fig A of ref. || illustrates 
that such a vierbein V^(x) is the matrix of the map be- 
tweeen the tangent space T x (M) to the space-time man- 
ifold at and the tangent space T^m {{G/H} x ) to the 
internal AdS space {G/H} x at the point £ a (x), whose 
explicit form is given by eq. (3. 19) of ref. ||. 

Taking the limit m — » in such eg. (3. 19) of ref. || 
we obtain V®(x) = D^ a + e° which is the map between 
the tangent space T X (M) to the space-time manifold at 
and the tangent space T^ x) ({ISO(3, l)/SO(3, 1)} X ) 
to the internal Poincare space {ISO(3, l)/SO(3, 1)} X at 
the point £, a (x). The same result was obtained in ref. 
H by gauging the action of a free particle defined in the 
internal Minkowski space. Here £ a , called Poincare coor- 
dinates, transform as a vector under Poincare transfor- 
mations and can be interpreted as coordinates of an in- 
ternal Minkowskian space that can locally be made to 
coincide with the tangent space. Any choice of Poincare 
coordinates is equivalent to a gauge that leaves the theory 
invariant under residual local Lorentz transformations. 

It is the purpose of this article to show that it is also 
possible to find an action for higher dimensional gravity 
genuinely invariant under the Poincare group provided 
that one chooses the vierbein in an appropriate way. 
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II. THE LANCZOS-LOVELOCK GRAVITY 
THEORY 

In this section we shall review some aspects of higher 
dimensional gravity. The main point of this section is 
to display the differences between the invariances of LL 
action when odd and even dimensions are considered. 



A. The local AdS Chern-Simons and Born-Infeld 
like gravity 

The LL action is a polynomial of degree [d/2] in cur- 
vature, which can be written in terms of the Riemann 
curvature and the vielbein e a in the form (|l|) , (||) . In first 
order formalism the LL action is regarded as a functional 
of the vielbein and spin connection, and the correspond- 
ing field equations obtained by varying with respect to 



e a and 



read 



[(d-l)/2) 



Op(d-2p)eg = 



p=0 



[(d-l)/2] 

£ab = Y a p p(d - 2p)e p ab = 
p=i 



(3) 



(4) 



where we have defined 



bib 2 



fc a - — t a6i&2 £><i-i- n * 



^^2p-l^>2pg^2p + l . . . .{fid— 1 



t-ab ~ t aba 3 a d ^ 



(5) 



7 = -M< 



(9) 



where for any dimensions I is a length parameter related 
to the cosmological constant by A = ±(d — l)(ef— 2)/2l 2 

With these coefficients, the LL action is invariant un- 
der local Lorentz rotations and under local AdS boosts. 

For d = 2n it is necessary to write equation (0) in the 
form § 

[n-l] 

De a = T a Y, 2a P -i(n-p+l)7; p b 
p=i 



with 



4a p _i(n -p+ l)(n -p)e 6 e£ a 

p=i 



[(d-l)/2] 

p=l 



where 



Xp = a (2jY 



(10) 



(11) 



. . . J^a2p-ia 2 p <j ia 2p+lgti2p+2 . . . gOd (12) 

The comparison between @ and ( |Io| ) leads to § 



(13) 



With these coefficients the LL action, in the same 
way as the Hilbert action, is invariant only under local 
Lorentz rotations. 



. . . .^» a 2p-ia2p^a2p+l gft2p+2 , . . .g a d 



(6) 



Here T a = de a + ui b e b is the torsion 2-form. Using the 
Bianchi identity one finds H 

\{d-l)/2] 

Ds a = Y, a P -i(d-2p + 2)(d-2p+l)e b e p ba . (7) 
p=i 



Moreover 



[(d-l)/2] 

p=i 

^From (0) and one finds for d = 2n — 1 



CKp = a 



(2n-l)(2 7 )P /n-l 



(2n - 2p - 1) V jj 



a 



dl° 



(8) 



B. Theories described by a generalized action 

Recently a class of gravitation theories was found |lj 
described by the action 



where 



s= [y^^Jy^ 

J J p=0 

a — KC h — -f < d - 2 p> W' p - 



(14) 



(15) 



with 1 < k<[(d — l)/2] and where L p is given by 

L p = e aia2 ad R aia2 ■ ■ ■ ■R a ^-^p e a2p + 1 ■ ■ ■ -e ad (16) 

where R ab = du> ab + uo^uj cb is the curvarure 2 -form and 
e° is the vielbein 1-form. For a given dimension d, the a p 



2 



coefficients give rise to a family of inequivalent theories, 
labeled by the integer k G {1 • • ■ -[(d — l)/2]} which rep- 
resents the highest power of curvature in the lagrangian. 
This set of theories possees only two fundamental con- 
stants, K and I, related to the gravitational constant G 
and the cosmological constant A ||. For k = 1, the 
Einstein-Hilbert action is recovered, while for the largest 
value of k, that is k — [(d— 1)/2], Born-Infeld and Chern- 
Simons theories are obtained. These three cases exhaust 
the different possibilities up to six dimensions, and new 
interesting cases arise for d > 7. For instance, the case 
with k = 2, which is described by the action 

f l~ 4 2l~ 2 

S 2 = k £ a ia 2----a d {—j-e ai • • -e ad + -j— 2_ 



III. LANCZOS-LOVELOCK THEORY AND THE 
POINCARE GROUP 

In this section we shall review some aspects of 
the Stelle-West-Grignani-Nardelli (SWGiV>formalism. 
This formalism leads to a formulation of general relativ- 
ity where the Hilbcrt action is invariant both under local 
Poincare translations and under local Local Lorentz rota- 
tions. The main point of this section is to show that the 
(SWGN) formalism permits, both when odd dimensions 
and when even dimensions are considered, constructing 
a higher dimensional gravity action invariant under local 
Lorentz rotations and under local Poincare translations. 
It is also proved that such an action has the same coeffi- 
cients as those obtained in ref . || . 



+ 



d-4 



jj>aia2 ^0304^5 , , , e a<i ) 



(17) 



exists only for d > 4 : in five dimensions this theory is 
equivalent to Chern-Simons; for d = 6 it is equivalent to 
Born-Infeld and for d = 7 and up, if defines a new class 
of theories. 

At the end of the range, k = [(d — l)/2], even and odd 
dimensions must be distinguished. When d = 2n — 1, 
the maximum value of k is n — 1, and the corresponding 
lagrangian of the action 



S 



[d/2] 

E 

p=0 



n - 1 
d - 2p V p 



;2p— d+1 paiQ2 
t ta 1 a 2 a^il 



A. Einstein gravity invariant under the Poincare 
group 

1. Invariance of the Hilbert action 

The generators of the Poincare group P a and 
J a b satisfy the Lie algebra, 

[P a ,Pb] =0; 

[Jab, Pc] = VacPb - VbcPa, 
[Jab, Jed] = VacJbc — VbcJad + VbdJac ~ VadJbc- (22) 



• • • .p L a2 P- ia2 Pg a2 P+ 1 . . . .g a ti 



(18) 



is a Chern-Simons (2n — l)-form. This action Jj| is in- 
variant not only under standard local Lorentz rotations 



c a a b c ab t-\ ab 

oe = k b e , olu = —Uk , 



but also under a local AdS boost 



1 



(19) 



5e a = Dp a , 5cu ab = p (p a e b - p b e a ) (20) 
For d — In and k = n — 1, the action is given by 

. W2] 

I II \ 



• ]j" 2 p- i ° 2 Pg a2 p+ i . . . .g a<i 



(21) 



This action j^] is invariant under standard local Lorentz 
rotations but it is not invariant under local AdS boosts. 



Here the operators carry Lorentz indices not related to 
coordinate transformations. The Yang-Mills connection 
for this group is given by 



A = A a T a = e a P a + ^ ab J ab - 



(23) 



Using the algebra (|2j) and the general form for the gauge 
transformations on A 



with 



8 A = VA = dX + [A, A] 



A = p a P a + -K ab J ab , 



(24) 



(25) 



we obtain that e° and uj ab , under Poincare translations, 
transform as 



Se a = Dp a ; 5u ab = 0, 
and under Lorentz rotations, as 

Se a = n a b e b ; Su; ab = -Dn ab , 



(26) 



(27) 



where D is the covariant derivative in the spin connection 
uj ab . The corresponding curvature is 



3 



F = F a T a = dA + AA 



6V a = n\V b . 



(38) 



where 



T a P a + -R ab J ab 



T a = De a = de a + u^e b 



(28) 

(29) 
(30) 

(31) 



is invariant under diffcomorphism and under Lorentz ro- 
tations, but is not invariant under Poincare translations. 
In fact 

5S EH = 2 [ e abcd R ab e c 6e d 



is the torsion 1-form, and 

R ab = duj ab + u a c u cb 

is the curvature 2-form. 
The Hilbert action 

Seh = / £abcd,R ab e c e d , 



= 2 / e abcd R ab T c p d 



(32) 



where we see that the invariance of the action requires 
imposing the torsion free condition 



T a = De a = de a + c^V = 0. 



(33) 



2. The Stelle-West Grignani-Nardelli formalism 

The key ingredients of the (SWGN) formalism are the 
so called Poincare coordinates £ a (x) which behave as vec- 
tors under ISO(3, 1) and are involved in the definition of 
the 1-form vierbein V a , which is not identified with the 
component e° of the gauge potential, but is given by 



ya = D£ a +p a = + + p a 



(34) 



Since £ a , e a , oj ab under local Poincare translations 
change as 

SC = -p a , Se a = Dp a , Suj ab = 0; (35) 

and under local Lorentz rotations change as 

Se = K a bt\ 6e a = K a b e b , 6tu ab = -D K ab ; (36) 

we have that the vierbein V a is invariant under local 
Poincare translations 

5V b = (37) 
and, under local Lorentz rotations, transforms as 



The space-time metric is postulated to be 

g^u = VabV^V b (39) 

with r) a i, = [— liL 1)1). Thus the corresponding curva- 
ture is given by (H|) , but now (|9|) does not correspond to 
the space-time torsion because the vierbein is not given 
by e°. The space-time torsion T a is given by 



T a = DV a =T a + R ab £ b . 



(40) 



3. Hilbert action invariant under the Poincare group 

Within the (SWGTV)-formalism the Hilbert action can 
be rewritten as 



Seh — I £ a bcdV a V c R cd 



(41) 



which is invariant under general coordinate transforma- 
tions, under local Lorentz rotations, as well as under local 
Poincare translations. In fact 



SS EH = I e abcd S (R ab V c V d ^ 



ss 



EH 



2 / e abcd R ab V c SV d = 



(42) 



(43) 



Thus the action is genuinely invariant under the Poincare 
group without imposing a torsion-free condition. 

The variations of the action with respect to £ a , e a , ui ab 
lead to the following equations: 



ZabcdT b R cd — 



SabcdV R 



b rycd 







(44) 



(45) 



S[aedtb] V e R cd + e abcd V c T d - (46) 
which reproduce the correct Einstein equations : 

T a = DV a = (47) 



SabcdV R 



b T}cd 



0. 



(48) 



The commutator of two local Poincare translations is 
given by 



(49) 



i.e. the local Poincare translations now commute. The 
rest of the algebra is unchanged. Thus the Poincare al- 
gebra closes off-shell. This fact has deep consequences in 
supergravity ]Tc| . 
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B. Lanczos-Lovelock Theory invariant under the 
Poincare group 

1. Invar iance of LL action 

Within the (SWG-/V)-formalism the action for LL 
gravity can be rewritten as 



S — / Vof R ai ° 

J p=0 



• • • ff a2 P- ia2 p\/' a2 P+ 1 . . . .\f ad 



(50) 



with R ab = duj ab + uj^uj cb and V a is given in (|4J). This 
action is, both when odd dimensions and when even di- 
mensions are considered, invariant under local Lorentz 
rotations and under local Poincare translations as well 
as under diffeomorphism. In fact 



5S 



„ W2] 

/ ^ f OlpS aia2 a d R 

J p=0 



where we have used the invariance of V a under local 



Poincare translation (37). Thus the LL action is gen- 
uinely invariant under the Poincare group. 



2. Equations of motions 

The variations of the action with respect to e a ,uj ab , £ a 
lead to the following equations of motion: 



[(d-l)/2] 

a p {d - 2p)e aia2 ad R aiC 

p=0 



J^a2p-ia2 p ya2 P +l . . . ,y a d-\ _ Q (52) 



[(d-l)/2] 

^2 P (d - 2p)a p £ aba3 ad R a3ai ■ .R^-^T a2 "+U 

p=\ 



[(d-l)/2] 

.y°2 P+ 2 . . . .ya d + ^ _ 2p)a p » 

p=0 

■ e ai ad ^R aia2 ■ ■ ■ R a ^-^V a ^ +1 ■ ■ ■ V ad -^ b = 

(53) 



[(d-l)/2] 

a p {d-2p){d-2p-l)e aia2 (ld R aiC 

p=0 



■ ■ ■ n a2 p- ia2 py a2 p+ 1 . . . ,~y a d-2'j~ad-i — q 



(54) 



The field equation corresponding to the variation of 
the action ( |50| ) with respect to £ a is not an independent 
equation. In fact, taking the covariant derivative opera- 
tor D of equation ( p2| ) we obtain the same equation that 
one obtains by varying the action (|5(]) with respect to £ a . 
Furthemore, equations (j52|) , (|53l) are also not completely 
independent. In fact taking the product of ( |52| ) with — 
and then taking the addition with (l53|) we obtain 



[(d-l)/2] 

£ 

P =i 



p(d - 2p)a p e a ba 3 a d R° 



J^a2p-ia2 p 'j'a2p+i'y a2 p+ 2 . . . ,y a d — Q 



(55) 



This means that the equations (52),(|55|) are independent 



The equations (|52|),(p5|) can be rewritten in the the form 
(0 ), (0), where now 



6ih 2 



-P p»i 

'-a -~ t -ab 1 b 2 bd-i 1 *- 



,j^b2p-ib 2p yb 2 p-t-i , , , yb d - 



-P _ 



taba,3 a d 



. . . .j^ :i2 P-i a2 P r r a2 P+iy a2 P+ 2 . . . y a d 



(56) 



(57) 



with T a = DV a . 

It is easy to check that, taking the covariant derivative 
of (153) and using the Bianchi identities, one obtains 



Del = {d-2p-l)V b ei:\ 



(58) 



for < p < [(d — 1) /2] , which leads to the following 
off-shell identity: 

[(d+l)/2] 

De a = a p ^(d-2p + 2)(d-2p+l)V b e p ba (59) 

P =i 

which, by consistency with (|J|), must also vanish. On the 
other hand, taking the exterior product of (^) with V b 
one obtains 



[(d-l)/2] 

P =i 



(60) 



which, by consistency with (Q), must also vanish. 

Now we show that, following the same method used in 
rcf. H , the action ( |50| ) has the same coefficients as those 
obtained in r ef. § for the action @). 
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3. Coefficients a v for d = 2n — 1 



X a b £aba 3 ai- 



Following the same procedure of ref. 0] one can see 
that in odd dimensions, (59) and ( |60| ) have the same 
number of terms because the last term in ( J5S| ) vanishes. 
Now, if ([39]) and ( |60| ) are to impose no further algebraic 
constraint on R ab and T a , then De a and V b Eb a must be 
proportional term by term, which implies the following 
recursion relation for the coefficients: 



7 



a P (p+l){d~2p + 2) 
a p+1 ~ (d-2p){d-2p+l) 



(61) 



(53) 



whose solution is given by (||). Thus, the action contain 
only two fundamental constants a® and 7, related to the 
gravitational and the cosmological constant. 

Therefore, the use of the (5WGiV)-formalisrn does not 
change the coefficients a p of the action already obtained 
in ref. Q, but now the LL action for d = 2n — 1 is 
gcnuinclly invariant under the Poincare group. 

;From the action (^0|) and the equations ( |52| ) 
( p4| ) we can see that, once the gauge £ a = is chosen, 
from equations ( ||), © it follows that V a = e a , T a = 
T a = De a , and that the action (f§) takes the form (Q) 
and the equations d52|), d55|), ( |54"| ) take the forms of the 
equations for LL gravity theory as developed in refs. [Q, 



We must also note that the action (|l|) for d = 2n — 1 
is invariant under the Poincare group only when a p — 
a n = 1 and ct p = V p ^ n. In this case both formalisms 



coincide. In fact, for a r . 
form 



1 and a p — 0, (J5G) takes the 



S = / e Bl 



■ R 



(62) 



with V d — e d + D^ d . Using the Bianchi identities it is 
direct to see that, up to a surface term, 



■a d R" 



(63) 



4- Coefficients a p for d — 2n 

In even dimensions, equation (E^) has one more term 
than (^). This means that (|59|) and ( |60| ) cannot be 
compared term by term. Following the same procedure 
of ref. H we find that for d — 2n 



where 



£ab — L>Xab 



[(d-l)/2] 

Xab = P a P*ab 
P =l 



(64) 



(65) 



V b X P ba = e p a - 1 



(66) 
(67) 



^From 
ten 



D X l b = {d-2py ab . (68) 
and we find that (|59"|) can also be writ- 



[n-l] 

De a = 2a p ^(n-p+l)x p ab 'r b 



[n-l] 

^ 4a p _ 1 (n-p + l)(n-p)V 6 e£ 



bo. ' 



This equation can be compared with (see |60| ) 

n-l 

y"e fca = ^2p ap (n-p)y b £ L- 
P =i 



(69) 



(70) 



Both (J^j and ( [70| ) can be zero if either T a — 0, or 
Xab = 0. These conditions are excessive for the vanishing 



of ( 69). In the same way as in ref. [|5j, it is sufficient 
to impose the weaker conditions 7~ a Xab = 0, and, at the 
same time, that the second term in ( |69| ) be proportional 
to ©. Now, (H) and © possess the same number of 
terms, which implies the following recursion relation for 
the coefficients: 



27(71 —p + l)ap_i = pa p , 



(71) 



whose solution is given by (|I3|). Thus, the action for 
d = 2n contains only two fundamental constants ao and 
7, related to the gravitational and the cosmological con- 
stants. 

Therefore, in the same way as for d = 2n— 1, the use of 
the (SWGN) -formalism does not change the coefficients 
a p of the action already obtained in ref. Q. However, 
now the LL action for d — 2n is genuinely invariant under 
the Poincare group. 

;From the action ( |50| ) and the equations (|52]), (p3), 
1|) we can see that, once the gauge £ a = is chosen, 
from equations ( |J), © ' lt follows that V a = e a , T a = 
T a = De a , and that the action © takes the form (j|) 
and the equations (|52|), (|5^), ( p4[ ) take the forms of the 
equations for LL gravity theory as developed in refs. [Q, 

I- 

We must to note that, within the SWGN- formalism, 
the action ( |l4| ) can be rewritten as 

\ " K ( k \,2(p-k) F naioa... 
/ y j „ I „ I t -a 1 a 2 a d fi 



s 



d — 2p \p 



. . . . Jj> a 2p-ia2p"J/a2p+l _ _ _ -ya 



(72) 



and 



which is invariant under local Lorentz rotations as well 
as under Poincare translations. 
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IV. COMMENTS 



We have shown in this work that the successful for- 
malism used by Stelle-West || and Grignani-Nardclli ||] 
to construct an action for (3 + l)-dimensional gravity in- 
variant under the Poincare group can be generalized to 
arbitrary dimensions. The main result of this paper is 
that we have shown that the (SWGN) formalism per- 
mits, both when odd dimensions and when even dimen- 
sions are considered, constructing a higher dimensional 
gravity action invariant under local Lorentz rotations and 
under local Poincare translations. This means using the 
vierbein V a which involves in its definition the so called 
"Poincare coordinates" £, a (x). It is also proved that such 
actions have the same coefficients as those obtained in 
ref. §. 

It is perhaps interesting to note that if one considers, 
following ref. |6| , g^ v = V^V^-q a b, one can write the la- 
grangian of the action ( |50| ) in the form that was written 
in ref. j|. This means that, if one considers the theory 
constructed in terms of the space-time metric t^ t „, ig- 
noring the underlying formulation, the theory described 
in our manuscript is completely equivalent to the theory 
developed in refs. [EJ, 0]. No trace of the new structure 
of the vierbein existing in the underlying formulation of 
the theory can be found at the metric level. 
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